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The Ahmad-Ilrons- Zienkiewicz Element C°
Continuity

Shell midsurface

NODAL POINT k; COORDINATES | iyt ko 1y
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The Ahmad-Ilrons- Zienkiewicz Element C°
Continuity

t . t r3 t t k
x=h, xk+2hk a, V,

(t = 0 represents the reference undeformed configuration )

e The director vectors remain straight during the deformation process.

At i

e The thickness remains constant during the deformation process ( ap = ‘ap = -+ =

0(1;;).
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Incremental Displacements

; T3
u = t+.ﬁ.t£ o ti _ h‘k u, 4 E hk tﬂ.k (_&k fV

o If e, x 'V A0

L

o If fe, x 'WF =0

www.simytec.com

@ IM&TEC

|mulauén y Te{nologla
on an chn aqy

k + B tEf}




g SIM&TEC

Simulaciéon y Tecnologia

Incremental Displacements

A special definition of fﬁgk and fEf" is used for the case when. flfnk is parallel
to the y-axis.

5 d.o.f. / node
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Constitutive Relations

CM=(g&,)g'* &,)(g"* &o)g" &,)C™7

flj — {:‘:ji [Ek

x@
3. 8,=8;x8,

&=

& =
|93r 'Qz x 85"
Figure 3 Local Cartesian coordinate system used
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The Locking Problem
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The Locking Problem

h3
n:j ‘x' Cp'x dA+« t;/TCS ‘v dA
2 A A — —
[ Oa E 1 v 0
0x ow | C, = v 1 0
P =7 12(1-v?) -
5 L | oy Vo o @)
t p b, — 2
xX=| - Y= - -
a+05 o kKE |1 O
X s =
da _of - - — 21+v)|0 1
8y ax E : Young's modulus
where w = transverse di copl acement of the plate k : shear correction factor
h = plate thickness a = k P (D
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The Locking Problem

In curved elements a similar problem appears if the interpolation functions cannot
represent states of zero membrane deformation (membrane locking)

3 e
al) Two-node Timoshenko beam element,
X p -
2 I——
8 3
X

]

NN

bl Three-node Timoshenkc beam element (curved)

Figure 2. Simple problems illustrating the locking phenomenon
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The Locking Problem

Simply-supported plate
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The Locking Problem

Curved cantilever

R = 20
h (thickaess] = 0.2
2.1 x 106

Srg {1y
Q.91
| 0.0I

EF R Emant 5 -E'FE -"'lg"rhx ':'5'
Ex 5® slements E'FE ‘;ETH x .96

The Figures are not to scale
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The MITC4 Element

The MITC4 (mixed interpolation of tensorial components, four nodes) is a general
shell element with the following features:

» It can be used in non-flat geometries (it is a shell element rather than a plate
element)

» It can be used in general nonlinear analyses (material nonlinear analyses and
geometrical nonlinear analyses but small strains)

» It does not lock and it does not present spurious rigid body modes.

» It can be used for thin and moderately thick shells.
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The MITC4 Element

Four node shell element

D

X

{ arl

«Q

k r. k
'x,=h_'x"+2h_a 'V
2

| =0 undeformed configuration
|=t deformed configuration
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The MITC4 Element

_ kT3 Ivr k z k)
u; =h, u, +2hkak(_ak Vo + B 'V,

In the natural coordinate system, the strain tensor is:

[HIRNp

=699

~ i
where € are the strain tensor components and 9 the contravariant base
vectors
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The MITC4 Element

» The usual A-I-Z interpolations for the displacements/rotations, Eqn. (3)

> The “in-layer” strains (&,, , €, and &, ) are directly calculated from
the displacement interpolation using the kinematic relations.

» The transverse shear strains €13 and €,; are interpolated using the
interpolations shown in Fig. 2
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The MITC4 Element

Interpolation functions for the transverse shear strains

/ //

1 -
/ / ‘913 (1+r2)513A 5 (1_r2)51351

~ 1 ~ 1 ~
€3 = 5 (1"' rl) 523? + 5 (1_’1)32321

"

13

F13 interpolation

E =

£23 interpolation
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MITC4 - TLF
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MITC4 - TLF

,
o=y g u + _ziﬂkhk.i( —og'g: V5 + g V)

(i=12)

N r
o= %hl'-fihﬂ.fuk ‘u, +§J’t;ihp,iﬂp(_ a, Ve ou, +B,'Vi-u)+

(r3)?

3 =y h, aa,(— o'V + BVE) . (—o,'VE+pPVY)

0€12= 30l 281 * Wit Iy g2t et Eh" 2 — 0y V50 g, + 5,V '8 ) 4 %hk.lﬂk{_ﬂt‘wi 'ga+ BV - 'g))]

- r
ﬂ”l: = %[hktlhp‘zuk * up + 'Eahk,lhp,lﬂp(- apwg * U ‘I'ﬁplv; * I.Ik] +

r 2
fa‘rx,lhp.zag(—m“r’ﬁ ‘u,+ B Vicu)+ %ﬁ:k,.hpllaka,,(—-agvg + B V) (=, VE+B,'VE)]

www.simytec.com 1



MITC4 - TLF

OEIE-:HI'!'H)['Q;{[”: "rH‘ %‘gh( alal'Vn+ﬂIﬂI’V”—azaz'V +ﬁ2a2'Vfi)]+

H1 )95 — 1))+ 39T — aas' V3 + Baas'Vii—0sa3'V3i+ Bras'V3))]

oll13 =331 +rz}[(_ff1“1tvzi+ﬂlﬂlIVII" %20,'V i'{'ﬂzaz'V f]["i _”I}]+

ﬁ{l = rz}[[ - ‘34&4”/;.7 +ﬁ4ﬂ4lV?i_ a3a;’ V%f +Psay’ V:lli}(” — U J]

of23 =H1+r)['g3:u} —uf)+ Y02 —0a, ' Vi +Ba,' Vi — 0,0,V + Baay Vi) +
lai'a-h){'ggfiﬁ: “f}r"l"yﬁzﬁl‘“ﬁzﬂzlvzﬁr Baay! Vli—a3a3'V i+ﬁ3‘331V1l}]

n’?‘z:‘“‘f‘z{l +r1)[(_a1ﬂl'V.l'!i"l"ﬂlﬂl‘V}I_ ﬂ4ﬂ4‘V§;+ﬁ4ﬂ4rV H -”1)]+
5 = r)[(— 020, V2 + Baa, V2 — %303 V3i+B3a3'ViNuf — )]
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MITC4 - The Patch Test

1

(3,10
34,7
10,
Al 2)
(a
[i8

{a) Paich test mesh
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MITC4 - Modeling Details

Shell Intersections

Director Vectors/ i
.-

])\/5__7/*/0././

DVs —a 0K Generated Normals

6/\/6—>OK
GH5-=2No!l
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MITC4 - Modeling Details

Modelling of stiffened shells

3N iso-beam elemenl
eg:iﬁf (£) & /00(07{5 int s/oy xis )

séiﬁf can')

2N iso-besm etéﬂa(/

(7!»4)‘ jul &%@*'3)
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MITC4 - Modeling Details

Rotational boundary
conditions in nonlinear
analyses

‘50/07C

y et G
j,7 ; dir: c/mnic
x
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MITC4 - Finite Rotations

f‘+."_"~.f'V k _ '{'+.ﬁ.tRk tV k
— S

— t —_— 1

[i+.ﬁ.fRF:] — [IS] +

]

In the above gk _ [(Qlk)ﬂ + (6’2&)2]

0 0 6)F
e = 0 0 -—fF
—-60,5 0% 0

e For infinitesimal incremental rotations 6, and 6,* are independent infinitesimal
. k [ .
rotations around *V," and ‘V," respectively.
e For finite incremental rotations 6#,* and 6,* are not independent rotations, they are

the two variables that define the rotation tensor.
e As in the infinitesimal rotations case we only have 5 d.o.f. / node.
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Finite Rotations - Linearization

[iJ"ﬂ‘tRk] =[] + [Qk] + l [ek]ﬂ 4o

2

Using the above in Eqn. (31) we get

—_— —

o | —

t+-‘ﬁkf‘v k o tV ke — Eltm w tEﬂF; _|_

— T —1

where we defined

k : k : k
ﬂ _ 91;‘ tEl 4 92k fEZ

1 —i

o] =

t+.—ﬁ.1‘vk_ tvﬁ: _ (HQF: filk o Hlk fE‘}:};) o

8" x (8" x'V.F) + hot

IM&TEC

(34.a)

(34.5)

[(0.5)* + (6,5)%] *V.F + hoot.

u=heu, + % hefae (—0,5 VLF 4 0,0 V) — ?IS htar [(0,5)7 + (0,5)7] V.5 + hot.
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Finite Rotations - Linearization

u=u, + u,; + hod.

u = hyu + %ha o (—0," V' + 6" V)

s

Uy = — T hi'ay [(Hlk)ﬂ + (sz)ﬂ] fEnk

AN . 1 -+t~ t+AE ~ (et 0=
© Sy = E [ gz 1 gj - 5, gj
BRAEZ otz oy l tg Ju 5 du du Jdu
¢ 7 oy 2 [ =  Or; =i Or; or;  Or;
N - ':r i
afii = ofij T ofij
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Finite Rotations - Linearization

1, du, . ou,

0€ij = 5 [51 ‘ Or, + g; or;
. | duy, : o, _8HI ou,
olli; = § |:E; d'?‘j + =3 3-?“3. + &}Ti H
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MITC4 - Finite Strains

o ‘ ! " o t ]
z(r,s,t) = hg(r,s) °z, + =°da
- s - _,) - Gebhardt H. and Schweizerhot K. (1993), "Interpolation of curved shell geometries
by low order finite elements - Errors and modifications", Int. J. Numerical Methods
. ik in Engng., vol. 36, pp.287-302.
hi(r, s) °] ’

Gi:

([P, 5) L

Simo J.C. , Fox D.D. and Rifai M.S. (1989), "On a stress resultant geometrically exact
shell model. Part IT: The linear theory; computational aspects", Comput. Meth. Appl.
Mechs. Engng., vol. 73, pp.53-92.

Introduce thickness stretching

"z(r,5,t) = hi(r,8) "z, += (Ao + "Ait) "da

[\.-|'-"‘l-

hi(r,s) TVE

—_—TT

[, 5) L]

T

d=
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MITC4 - Finite Strains

T+AT . T

1_‘5(?‘1 S, t) — hk(?' S} Ek

g SSIM&TEC
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T+ATY kR
+é ("o + Ao+ Ay t+ AN 1) || (T SJ~+¢.,-%EH
t hi(r,s) "VE
— - " A\t
3 ¢ et M T

In the above, 7727\, = "\, + A\, and 7T = TN + AN
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MITC4 - Finite Strains
For the director vector rotations we can write [35],

T—I—ﬁT};.-".IrG _ T—I—&TR _ ‘Tl_,"k

T —_— —_—T

with.,

AT in 6, 1 [sin(60;/2)\° 2
+1~.JR_ 7 STk ok < Yk, ok
=3 gk — + P (gk;’z‘} (=)

being iﬂ is the second order unit tensor.
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MITC4 - Finite Strains

'H=H;G 7

- o~ DI

-~ DI

t S
V/A 0]
T 17 -T~ 1°1
B /_; I .::-Hrs — GHT‘S
o D = Lz
C o

~ 1 - _ DI ] 'ET'DI

THr — _ J_ k T - _ J__ T i

oH 5 (Lts) |oHr| +3 (1—s) ot
_ 1 - _ DI 1 _ DI

"Hy = — (1+r) |[H, +—-(1—-r) |JH;

o Hst 2{\ ) o Hat| 2( ) s .
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MITC4 - Finite Strains

Use 3D constitutive relations
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