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Introduction: Heat transfer 

There are 3 mechanism of heat transfer: Conduction, Convection and Radiation.

C d ti i d fi d t f f h t i g th gh i t i g ttConduction is defined as transfer of heat occurring through intervening matter
without bulk motion of the matter. The increased motion of a particle with an
energy level (temperature) higher energizes adjacent molecules which are at
lower energy levelslower energy levels.
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Introduction: Heat transfer 

Conduction

k: is the thermal conductivity
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Introduction: Heat transfer 

Convection heat transfer is due to a flowing fluid. It occurs when a liquid or gas
(fluids) comes in contact with a material of a different temperature.
Natural convection occurs when the flow of a liquid or gas is primarily due toNatural convection occurs when the flow of a liquid or gas is primarily due to
density differences within the fluid due to heating or cooling of that fluid.
Forced convection occurs when the flow of fluid (liquid or gas) is primarily due
to pressure differencesto pressure differences.

Newton law of cooling

( )mediumsurfacen

n

TThq
Thq

−=
Δ=

Natural convection Forced convection

f

h is the convective heat transfer 

coefficient,  [W/m2K]
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Introduction: Heat transfer 

Convection
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Introduction: Heat transfer 

Radiation heat transfer is the transmission of energy through space without the
necessary presence of matter.
Radiation is the transfer of heat from one object to another by means of
electro-magnetic waves. Radiative heat transfer does not require that objects
be in contact or that a fluid flow between those objects.
R di ti h t t f i th id f (th t’ h thRadiative heat transfer occurs in the void of space (that’s how the sun warms
us).

Incident radiation

Radiation absorbed, a

Radiation transmitted, t

Incident reflected, r

1=++ τρα
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Introduction: Heat transfer 

Radiation

( )44 ; TTqTq Δ εσεσ ( ); mediumsurfacenn TTqTq −=Δ= εσεσ

An ideal thermal radiator is called a "black body“, a = 1y ,

Real bodies radiate less effectively than black bodies.

is the emittance, ε
Tat body black  fromradiation 

Tat body  real fromradiation 
=ε

is the Stefan Boltzman constant, σ Km
W

2
81067.5 −=σ
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Heat transfer equation

( ) Vpp qTkTvC
t
TC +∇⋅⋅∇=∇⋅+
∂
∂ ρρ ( ) Vpp t∂

Volumetric Diffusive termConvectiveTransient
heat [W/m3]termterm

Cp

ρ density [Kg/m3]

Specific heat [J/Kg °K]

Tk ∇

v

k Thermal conductivity [W/M°K]

Velocity [m/s]

Tkq ∇−=

q : heat flux [W/m2]
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Heat transfer equation

Heat transfer equation in cartesian coordinates
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Heat transfer equation

Heat transfer equation in cylindrical coordinates
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Non-dimensional numbers

The Biot number (Bi) is used in transient heat transfer calculations.
It is named by the French Jean-Baptiste Biot (1774-1862), and gives a
simple index of the ratio of the heat transfer resistances inside of k

LchBi =
simple index of the ratio of the heat transfer resistances inside of
and at the surface of a body

k

The Prandtl number (Pr) is the ratio of momentum
diffusivity and thermal diffusivity. It is named by the
German Ludwig Prandtl (1875-1953).

k
Cp

Cpk
μ

ρ
ρμ

==
/

/Pr
g ( )

The Nusselt number (Nu) is the ratio of convective to conductive
h t t f ( l t ) th b d It i d b th

LhNu =heat transfer across (normal to) the boundary. It is named by the
German Wilhelm Nusselt (1882-1957) fk

Nu =
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Non-dimensional numbers

The Stanton number (St) is the ratio of heat transferred into a
fluid to the thermal capacity of fluid. It is used to characterize PrRe

NuSt =
heat transfer in forced convection flows.

PrRe

The Grashof number (Gr) approximates the ratio of
the buoyancy to viscous force acting on a fluid It is ( ) 3βρ LTTGr w ∞−the buoyancy to viscous force acting on a fluid. It is
named by the german Granz Grashof (1826-1893)

( )
( )2/ ρμ

Gr w ∞=

The Rayleigh number (Ra) for a fluid is associated with
buoyancy driven flow (or natural convection). When the Rayleigh
number is below the critical value for that fluid, heat transfer is

i il i h f f d i h i d h i i l
PrGrRa =

primarily in the form of conduction; when it exceeds the critical
value, heat transfer is primarily in the form of convection. It is
named by Lord Rayleigh (1842-1919)
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The finite element method in heat transfer

Physical problem

1

T = 0 T = 0

Solid bar – 1D problem – Volumetric heat constant cteqv =

2∂

Mathematical problem
0)0(
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The finite element method in heat transfer

The strong form of the contour values problem is :

fulfilledislikeTfindsqLet v ℜ→ℜ→ ]1,0[:]1,0[: I

2xq

Analytical Solution
[ ]2
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residual We need ( ) 0~ →TR
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The finite element method in heat transfer

Method of weighted residual

( )
1

( ) ( ) 0~

0

=∫ dxTRxiω

The unknown function T is aproximate by

( ) ( )
( ) ( ) →=

→−=

ii

ii

xhx
xxx

ω
δω Point collocation method

Galerkin method( ) ( )
( ) ( ) →= ii

ii

xRxω Square minimum method
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The finite element method in heat transfer

Bubnov- Galerkin method
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The finite element method in heat transfer

k=1
qv=1
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The finite element method in heat transfer

Bubnov- Galerkin method

Approximating with 1 function

From Zienkiewicz & Taylor, The Finite
Element Method
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The finite element method in heat transfer

Bubnov- Galerkin method

Notes for the approximate solution:

1. The “rigid” (essential) boundary conditions are strictly imposed.

2. The differential equation is not necessarily fulfilled at every point.

3. Improve the solution by increasing the number of interpolation p y g p
functions “hi”
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The finite element method in heat transfer

Bubnov- Galerkin method

Increase the number of interpolation functions

sin (πx/2) No (cannot represent the b.c.)

sin(πx) o.k.

sin (3πx/2) No (cannot represent the b.c.)

sin(2πx) o.k.
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The finite element method in heat transfer

Bubnov- Galerkin method

Approximating with 2 functions

From Zienkiewicz & Taylor, The Finite
Element Method
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The finite element method in heat transfer
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The finite element method in heat transfer

Bubnov- Galerkin method
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The finite element method in heat transfer
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The finite element method in heat transfer

Bubnov- Galerkin method
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The finite element method in heat transfer

F B th  Fi it El t P d
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The finite element method in heat transfer
2D/3D Problems
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The finite element method in heat transfer
2D/3D Problems

Elements and nodes
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The finite element method in heat transfer
2D example

Natural coordinate system
inside each element (r, s)1

s 1
r=1

s=1
2

r=‐1
4

s=‐1

3
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The finite element method in heat transfer

2D four-nodes element
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3 4
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The finite element method in heat transfer

2D four-nodes element
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3 4
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The finite element method in heat transfer

2D four-nodes element
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The finite element method in heat transfer

2D four-nodes element
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The finite element method in heat transfer

to be able to represent constant 
temperature situationsp

Are these meshes acceptable?

YES
YES

NO YES YES
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The finite element method in heat transfer
G d hGood mesh
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The finite element method in heat transfer
G d hGood mesh
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The finite element method in heat transfer
G d hGood mesh

However!!!

Mi i i  th  l t di t ti  t  h  d di ti  bilitMinimize the element distortions to have good predictive capability

Target for each element: det(J)=constTarget for each element: det(J) const
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The finite element method in heat transfer
I i lIsoparametric elements

kk TtsrhtsrT ),,(),,(~ =

kk xtsrhtsrx ),,(),,( =

kk

ztsrhtsrz
ytsrhtsry

)()(
),,(),,(

=
=

kk ztsrhtsrz ),,(),,( =

41
www.simytec.com



The finite element method in heat transfer
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The finite element method in heat transfer

From Bathe, Finite Element
Procedures
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The finite element method in heat transfer
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The finite element method in heat transfer
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The finite element method in heat transfer
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The finite element method in heat transfer
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The finite element method in heat transfer

Notes:

• J must be non-singular; i.e. 0)det( ≠J

• We must choose 0)det(0)det( >> JorJ
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The finite element method in heat transfer

1 2 3 ⎥
⎤

⎢
⎡ 14131211

eeee kkkk

Elemental Matrix

5 6
⎥
⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢
⎢

⎣

=

44434241

34333231

24232221

eeee

eeee

eeee
e
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kkkk

K

4

⎥⎦⎢⎣ 44434241 kkkk

∑ Local Global 

Element 1

7 8 9

∑
e

Global Matrix

Node Node

1 3

2 2
Global Matrix 3 5

4 6
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The finite element method in heat transfer
ExercisesExercises

Local Global Local Global

K(1)
11

K(1)
12

K(1)
13

K(2)
11

K(2)
34

K(3)
13K 13

K(1)
14

K(1)
22

K 13

K(3)
44

K(4)
22

K(1)
23

K(1)
24

K(1)

K(4)
23

K( )
33

K(1)
34

K(1)
44
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The finite element method in heat transfer

Matrix Dimensions Observations

C NNOD x NNOD Sym.

T NNOD x 1

N NNOD x NNOD Non-sym
N 0N=0
In Lagrangian
formulation

K NNOD x NNOD Sym

Q NNOD x 1
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The finite element method in heat transfer

SUPG: Streamline Upwind Petrov
Galerkin Method :The weighted functions

diff t f th i tiare different of the approximation
functions
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The finite element method in heat transfer

SUPG: Streamline Upwind Petrov Galerkin Method
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The finite element method in heat transfer

SUPG: Streamline Upwind Petrov Galerkin Method
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Boundary conditions: Dirichlet

k Tk=fixed
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Boundary conditions: natural

qn

k
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Boundary conditions: mixed

h(T T )qn=h(T-Tenvironment)

k

Normally h=h(T)y ( )
(nonlinear)
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Boundary conditions

e
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Boundary conditions: Natural convection

Vertical surface
( )[ ] 9/416/9

4/1

Pr/492.01

67.068.0
+

+=
RaNu

T >TTwall >Tfluid

59
www.simytec.com



Boundary conditions: Natural convection

Horizontal cylinder
( )[ ]

6

2

27/816/9

6/1

10
Pr/559.01

387.060.0 −≥
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+= RaRaNu

( )[ ]
96

9/416/9

4/1

1010
Pr/55901

518.036.0 ≤≤
+

+= − RaRaNu
( )[ ]Pr/559.01 +

60
www.simytec.com



Boundary conditions: Natural convection

( )[ ]
4

3

1
2

1

n

n

nRaAANu
⎪

⎪
⎬
⎫

⎪

⎪
⎨
⎧

+=
( )[ ] 32Pr/1 3

1 nnA ⎪⎭
⎬

⎪⎩
⎨

+

A A A n n n nA1 A2 A3 n1 n2 n3 n4

Laminar vertical 
plate

0.68 0.670
0.492

1/4 4/9 1

9/16Turbulent vertical 
plate

0.82
5

0.387 1/6 8/27 2

Laminar horizontal 0.36 0.518 1/4 4/9 1
cylinder 0.559
Turbulent 
horizontal cylinder

0.6 0.387 1/6 8/27 2
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Boundary conditions: Forced convection

Graezt number correlates the influence of entrance effects of a pipe p p

L
DGz PrRe=
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Boundary conditions: Forced convection

06680 Gz
Laminar flow in a tube 3/204.01

0668.066.3
Gz
GzNu

+
+=

Turbulent flow in a tube
3/18.0 PrRe023.0=NuTurbulent flow in a tube
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Boundary conditions: Forced convection

Flow across a body

Laminar

TurbulentTurbulent

3/1PrRenCNu =
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Boundary conditions: radiation
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Boundary conditions: radiation
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Boundary conditions: boiling

When evaporation occurs at a solid-liquid
interface, it is named boiling.
This process is characterized by the formation ofThis process is characterized by the formation of
vapor bubbles which
grow and subsequently detach from the surface.

The process occurs when the temperature of the

Bubble regime

p p
solid surface exceeds the saturation temperature
Tsat corresponding to the liquid pressure.

The heat transfer convection coefficient (h) and
l

( )
the heat flux (q) depend not only on the vapor and
liquid properties at saturation temperature but
also on the excess temperature (DTe)
DTe = Ts - Tsat (1)

Slugs

( )

Nukiyama (1934) analized the boiled saturated
water on a horizontal wire with an electric
resistance heater Film boiling
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Boundary conditions: boiling

The boiling curve (heat flux as a function of excess temperature is
usually presented at a liquid temperature equal to saturation
temperature sat T , corresponding to the liquid pressure.  

In pool boiling the liquid is quiescent and its motion near the steel
surface is due to free convection. In contrast, for forced
convection boiling, fluid motion is induced by external means, as

qcrit

Nucleate

Boiling

Transition

Boiling

Film

Boiling

Free

Conv.

B

well as by free convection and bubble-induced mixing.

Boiling may also be classified according to whether it is subcooled
or saturated. In subcooled boiling, the temperature of the liquid is

 

lo
g 

(q
s)

qmin C

below the saturation temperature and bubbles formed at the
surface may condense in the liquid.

Both, forced convection and subcooling are known to increase the
l (ΔT)

A

critical and minimum heat fluxes (CHF and MHF, respectively). The
film boiling heat transfer coefficient increases with velocity and
subcooling, and it is further elevated by radiation effects at higher
temperatures.

log (ΔTe)
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Boundary conditions: boiling

Heat is transferred from the solid surface to the liquid:  ( ) esats ThTThq Δ=−=

1) Free convection: There is insufficient vapor
in contact with the liquid phase to cause
boiling

2) Nucleate boiling: isolated bubbles form atqcrit

Nucleate

Boiling

Transition

Boiling

Film

Boiling

Free

Conv.

B

CHF

) g
nucleation sites and separate from the
surface or the vapor escapes as jets or
columns.

3) Transition boiling: Bubble formation is so
id th t fil b i t f th

 

og
 (q

s)

rapid that a vapor film begins to form on the
surface.

4) Film boiling: the surface is completely
covered by a vapor blanket.

l

qmin

A

C MHF

log (ΔTe)
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Boundary conditions: boiling

Typical correlations for the various boiling modes or flow regimes in pool boiling
and forced convection subcooled boiling have been developed by:

1. F. P. Incropera and D. P. DeWitt, Fundamentals of Heat and Mass Transfer, 4th ed.,John Wiley & Sons, New York, 1996.

2. A. F. Mills, Heat Transfer, Irwin, Illinois, 
1992.

3. R. T. Lahey, Boiling Heat Transfer, New York, 1992.

4. S. Yilmaz, J. W. Westwater, Effect of velocity of heat transfer to boiling, , ff f y f f g
freon -113, J. Heat Transfer, 102 (1980) 26.

In the following slides the heat flow rate equations of different boiling
mechanisms are shown, and a validation with a Jominy test.
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Boundary conditions: boiling

2
6/13870 ⎪⎫⎪⎧ Rk

1) Free convection: CTT sats °+< 5 Water Tsat = 100 ° C

( ) ( )[ ] 27/816/9

6/1

Pr/559.01

387.06.0
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+

−
= D

sats

l Ra
TTD

kq

CdT °52) Nucleate boiling: CdT e °> 5from to critical flux

( ) ( )tl TTcgk 1
22/1

⎟
⎞

⎜
⎛ −

⎟
⎞

⎜
⎛ − ρρ

( )
( ) ( )

m
lnbfg

satsplvl

sats

l

Ch
TTcg

TT
kq

Pr
1

3⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

−
=

σ
ρρ

Critical Heat flux (CHF)

( ) 4/1

2149.0 ⎥
⎦

⎤
⎢
⎣

⎡ −
=

v

vl
fgvcrit

ghq
ρ

σρρρ

( )
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Boundary conditions: boiling

( ) 4/1
⎤⎡ −g ρρσ

Minimum Heat flux (MHF, Leidenfrost point)

( )
( )2min ⎥

⎦

⎤
⎢
⎣

⎡

+
=

vl

vl
fgv

ghCq
ρρ

ρρσρ

3) Film boiling

( ) ( ) 4/133

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ −′−

=
D

TTkhg
Cq

v

satsvvfgvl
film μ

ρρρ

3) Film boiling

⎭⎩

Radiation: The temperature level is generally quite high in film boiling, and it
is necessary to account for radiation. A simple superposition of heat transfer
coefficient is not adequate The following equation is recommended:coefficient is not adequate. The following equation is recommended:

rrT hhh
h
hhh 75.0

3/1

+≈+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=
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Boundary conditions: boiling
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Boundary conditions: boiling
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EXERCISES
Exercise 1: Obtain the FEA formulation for Linear Stationary heat transfer withExercise 1: Obtain the FEA formulation for Linear Stationary heat transfer with

convection.

Exercise 2:   Calculate the Nodal Temperature and the heat flux on the gauss 
i  f  h  f ll i   i h h  i d di i ipoints for the following case with the prescripted discretization

shown below. K=440 W/(m.ºK)

(a)(a)

adiabatic

K

1.5m1m

T=
 2

78
 °

K

T=
 2

73
 °

K

1m

adiabatic

1m1.5m
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Examples on conduction –convection heat 
transfer problems p

(b) Repeat the exercise without imposing the adiabatic condition.

(c) Change the adiabatic condition with a prescribed convection load considering an 
environment temperature of 300ºK and a convection coefficient H=100 W/(m2.ºK)p ( )

(d) Increase H untill H=1e7. Extract your own conclusions about the results obtained.

(d) Repeat exercise (c) remeshing with an arbitrary structural dense mesh. Is there any 
difference in the results?

(e) Include an internal heat electrode with an internal heat load of 2e5 W/m3 as shown 
below

0.
2 m

0.
4m

2m
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Examples on conduction –convection heat 
transfer problems 

Exercise 3:   Consider a 90º semi-infinite cylinder. Side BC is subjected to prescribed 
temperature of 50º. Side AB is the symmetry axis (axilsymmetryc).  Calculate the 
temperature profile.

p

temperature profile.
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