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SUMMARY

An incremental Total Lagrangian Formulation for curved beam elements that includes the effect of large
rotation increments is developed. A complete and symmetric tangent stiffness matrix is obtained and the
numerical results show, in general, an improvement over the standard formulation where the assumption of
infinitesimal rotation increments is made in the derivation of the tangent stiffness matrix.

1. INTRODUCTION

The development of structural finite elements (beam and shell elements) for non-linear analysis
and the development of solution methods for non-linear problems is a very active research field
because the non-linear analysis of structures is an engineering application continuously deman-
ding more efficient, robust and above all reliable numerical tools.

The elements with C° continuity, derived from the Ahmad, Irons and Zienkiewicz shell
element’ appear to be the most suitable ones and the majority of the latest developments in the
field take this element as a starting point (e.g. References 2-8).

In the development of elements for geometrically non-linear analysis, the consideration of large
rotations introduces additional difficulties due to the non-vectorial nature of finite rotations.

In this paper we concentrate in the geometrically non-linear formulation for C° curved beam
elements (also isoparametric beam elements or Timoshenko beam elements).

A derivation of the C° beam element is presented by Bathe in Reference 9, and an extensive
derivation of the kinematics of large rotations is presented by Argyris in Reference 10.

In the standard geometrically non-linear formulation for C°® beam elements the tangent
stiffness matrix is derived assuming infinitesimal rotation increments (rotation increments line-
arization) and the effect of large rotation increments is considered only during the equilibrium
iterations, when calculating the stresses.

Different formulations that take into account the effect of finite rotation increments on the
resulting stiffness matrices have been presented by Surana ,'! by Simo,'? Simo and Vu Quoc'?
and by Ofiate.!*

In this paper, we develop an incremental Total Lagrangian Formulation® for C° curved beam
elements with finite incremental rotations. This formulation,
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(a) includes in the linearization of the equations of motion all the terms that can be considered
in a tangent formulation, providing therefore a complete tangent stiffness matrix;
(b) leads to symmetric stiffness matrices. :

Numerical results show that, in general, the complete tangent stiffness matrix provides a faster
convergence during equilibrium iterations than the stiffness matrix obtained with the standard
formulation. o '

2. KINEMATICS OF THE TIMOSHENKO BEAM ELEMENT

In this Section we review the kinematics of C° beam elements with rectangular cross section and
N nodes along its axis (see Figure 1).

For the initial geometry of the beam element (t—-O) we define its axis by means of N nodes of
global co-ordinates °x¥; k=1,..., Nand i=1,2,3.

We make use of Bathe’s notation, therefore a superscript O indicates that the quantity is
measured in the configuration at t=0.° Also, at each node we define the orthonormal system
(°V,, °V,, °V,), where °V, is tangent to the element axis (t=0).

Defining the natural co-ordinate system (r, s, ),° the position vector of any point inside the
beam element is :

N N t N
x5, =Y b xet= Y h@Oa Vit Y hy(r)b OV (1)
k=1 24 : 2454

X3

X1

Figure 1. N-node curved beam element
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where the h,(r) are the 1D interpolation functions.’ _
The deformation hypothesis is that the orthonormal systems (°V%, °V¥ 0V¥) rotate without
deformation, hence

(a) a straight line normal to the beam axis at t=0 rémains straight during the beam
deformation but not necessarily normal to the deformed axis (shear deformations are
considered);

(b) the cross section of the beam is not deformed (therefore this formulation cannot model
large strain situations).

At any time t, the position vector of the (#, s, £) point in the isoparametric beam element is

N N t N
%5 0= 3 BO)%+2 Y O V42 Y h)bVE @
k=1 2 k=1 2 k=1
The displacement vector of the same point, corresponding to the configuration at time ¢ is,
w="x—% ' (3)
Using (1) and (2) in (3) we obtain
N s N t N
=Y h'u+ +3. Z kak('Vi‘—°Vi‘)+§ Y. hb (VE=V}) @
k=1 = k=1

where "u, is the displacement vector of node k, at time t.

Since the orthonormal system at node k rotates,
Vi< ROVE .
V= RFOVH ®

where SR* is the rotation matrix corresponding to node k, at time ¢ and referred to the initial
configuration.
The rotation of the orthonormal system at node k can be described by a vector®®

L0k =1 gtk , ‘ (6a)
60 =T(665)* +(§65)° + (56571 (6b)

where ‘e* is a unit vector in the direction of the rotation axis.
Studying this rotation, Argyris arrived at (Reference 10, equation (16))

' 9k 1k ’

where
0 —o05 o0
O =| 405 0 —ifh ®)
—505 505 0

Note that the 56F are not independent rotations around the global axes but are the components of
the matrix defined in equation (8), which characterizes a rotation around the axis ‘e.
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In a very elegant way, Argyris proved that equation (7) can be rewritten as (Reference 10,
equation (31)) ‘ :
| 1
BR"=_,13+59‘+ 5(2;@&)24‘5(39*)3'*' ces )

where I, isa (3 x 3‘) unit matrix.

The incremental displacement from the configuration at time ¢ to the configuration at time
t+ At is,

u=""4x~"'x (10)
Therefore,

N N
=3 ht+ 5 S ha (Vi VL § b ereviovy a1
¥=1 2,44 2.4

Since to go from the configuration at time ¢ to the configuration at time ¢ + At the orthonormal
system at node k is only rotated,

r+Mvt_l+Athvh
= t 3

'+A’V:= H'A:R"Vf (12)
Using equation (9), '
'+°;R"=13+9“+%(9")2+3l—,(9“)3+ 13)
where
0o -6 6
&= ¢ 0 -6 (14)
% & 0 '

again, the 6% are not independent incremental rotations around the global axes but are the
components of the matrix defined in equation (14), which characterizes via equation (13) the
incremental rotation at node k.

Note that, if the incremental rotation is infinitesimal, equations (12) to (14) produce, keeping in
equation (13) only the linear terms

1+Axv5_xvt=9k x 'Yk

. _ rayE_tVE=@' X'V}

where [8*]T=[6% 0% 06%]. In this case the 8} are independent infinitesimal incremental
rotations around the three global axes.

Because the incremental rotations are finite we keep in (13), in a first attempt, only the linear
and quadratic terms.

(15)

Therefore,
trayk_tyk_@'vi+ 1@ OV
(16)
‘*“Vf—'Vf=0" tv't_*_é@h@ktv'h
which can be rewritten as
rraryk_ryk_ gk 5 'VEL 105 x (8% x'VY) ()

eraryk_tyE_ gt x 'VE+10% x (8 x V)
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‘ The incremental displacement of any point (r, s, t) inside the beam element is

. N N .
‘ u= 3y h,,u"+% Y, ha, [0 xVi+10* x (0 xV§)]
k=1 k=1

N .

‘ +% Y. h b [0F x V4160 x (6 x 'V))] (18)
We can write, = k
7 ll=lls+llR2 (19)

where ug are the terms obtained considering only infinitesimal rotation increments, ie. using
equation (15) (standard linearization), and ug, are the extra terms obtained using equation (17).

Hence,
N
ug= Z hku"+ Z By @, (0% X 'V¥) + % Y Iy by(0* x'V¥) 20)
k=1 k=1
and
= kzl b0, [0 x (65 x V%) ] + . k; by b, [0 (8 x 'VH)] 21)

At any time ¢, the covariant basis of the convected system (r, s, t) are!®

o'x Ju

g — =° B

& or &+ or (222)
6‘ d'u

f 0
a'x J'n

e 9% _o

& ot g ta ot (22¢)

The covariant components of the Green—Lagrange deformatlon tensor in the conﬁguratlon at
time ¢, referred to the configuration at t =0 and measured in the convected:system are’’

ofm= 322 — 8 %8,] - (239
b= 30'8, ‘8.~ %8, °8:) (23b)
o5 =30's, '8, — %8, °2.] - (23¢)

o&us o6&, and §&, are zero because of our deformatlon hypotheses.

Using the contravariant base vectors!® we represent the Green-Lagrange strain tensor
2-4,16 ;
as’

6 € =08, "8 °F + &, [ ° °8" + °g°°8"] +42.[ g °g' +°¢'°g] (24)

Note that, for a beam element with constant (g, bg), the vectors (°g,, °g,, °g,), form an orthogonal
basis for any point inside the beam,
In the incremental step from ¢ to ¢+ At,

du

t+Aty __t =
8- Sr+ar (25a)

Ou

t+Atg ¢ =
gs_. gs+as ) . | (25b)
g, =g+ 2 (250)
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Therefore, using equations (23) and (25),
du 10u oOu

t+Aty _ 1z tg
Osrr Oerr+—gr 5r+26r ar . (268,)
1 du ou 1 du du
t+Aty _tx g .3 tg . — ——
°"'ﬂ‘°"’"+z[g’ s B ar]+z ar s (26b)
1

el % (26¢)

du @ 1 6u'6u
20r ot

’+A(;E"=6§"+ 2[:tgr'5+tg
Using equation (19) we rtewrite equations (26), keeping only up to the quadratic terms in
generalized incremental displacements. '
Jug 10us dus ,  Oug,

o = i @)
el e
* %[g a;':é T 63:2] @7¢)

The extra terms with respect to the standard formulation are the underlined ones in equations

27. : "

We can decompose the strain increment (,&;) in two parts; one part has all the linear terms in

generalized displacements (oé;;), the other part has all the quadratic terms in generalized

displacements (o7;;).%> Therefore,

otij= 0ijt oflij (28)

Note that ,

(a) Tn elements with no rotational degrees of freedom (e.g. 2D and 3D continuum elements)
equation (28) represents exactly the total strain increments. In our case equation (28)
represents only an approximation to the strain increments, because in the derivation of
equation (27) we neglect the terms of order higher than two in generalized displacement
“increments.!’ ‘ »

(b) Equations (27) contain all the terms up to the second order in generalized displacement
increments. This guarantees a complete quadratic form of the incremental energy, leading
therefore to a complete expression of the tangent stiffness matrix.

3. PRINCIPLE OF VIRTUAL WORK

For the equilibrium configuration at time t+ At (the one being sought) the principle of virtual
work® 18states

J I+A(;§ij6t+A66~ij0dV=t+Atg (29)
oy )
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where °V is the volume in the initial configuration (t=0), ‘*4:8" are the contravariant compo-
nents measured in the convected system of the 2nd Piola~Kirchhoff stress tensor® 16 and ** 44 is
the virtual work of the external loads acting on the configuration at time ¢+ At.

When calculating ‘*4# it is important to notice that, although we are considering finite
incremental rotations, the 66% are infinitesimal, therefore the virtual work of the applied moments

NN
is directly given by > M¥36% where NN is the total number of nodes in the model.
k=1

Working out equation (29) the linearized equations of motion are obtained (Reference9,
Chapter 6).

4, INCREMENTAL FORMULATION FOR THE TIMOSHENKO BEAM ELEMENT

Using the kinematic equations presented in Section 2, we develop in this section the incremental
Total Lagrangian Formulation® for the Timoshenko beam element.

With the Newton—Raphson iteration scheme® the equations for the ith iteration in a finite
elements model are

(4K ) VAU = AP R D (30a)
For the displacements, -
UP =y D4 AUY (30b)
and for the rotations
(FHARH)O = (A" AR*)O(ARY)D (300)

In the above

t+&K, is the linear part of the tangent stiffness matrix,
'+ &K\ the non-linear part of the tangent stiffness matrix,
U the vector of generalized nodal incremental displacements,
t+Aap the vector of generalized external nodal loads acting at t + At
and
**AF the vector of generalized internal nodal loads acting at ¢ + At, equivalent (in the virtual
work sense) to the element stresses.

4.1. Tangent stiffness matrix
We define a vector
o€ =[of 268 208u] @31
and the usual relation®
8=5B.U (32)
The matrix 4B, is derived using equations (27) and (28).
From the linearized equations of motion (Reference 9, Chapter 6) we obtain,

BKL=J :)RE oc t()BL °dv (33)
oy

where ,C is a constitutive matrix formed with the contravariant components (C* of the
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constitutive tensor that ‘relates the increments of the contravariant components of the 2nd
Piola-Kirchhof stress tensor, measured in the convected system (,5), with the increments of the
covariant components of the Green—Lagrange strain tensor also measured in the convected
system (of;;). The incremental constitutive equation is, in matrix notation,

S=0Cof ' ‘ (34)
where ’ ) '
ST=[8" o8& o8] (35)
and
0§T=[0§" 2Ogrs 20€rt] (36)

The curvilinear components ,C*' are calculated from the components in an orthonormal system
A A AN2
(é:, &, &)

0CM = o CF ) 8- 8)(°8*8,)C8' - &,) (37)
For elements of constant (a,, b;) we can define an orthonormal system &,=%g,/| °g; |, and
E 0 0
=0 xG 0 (38)
0 0 «G

where E is the Young’s modulus, G is the shear modulus and x is the shear correction factor.®
The linear part of the tangent stiffness matrix, as defined by equation (33), is the same for our
formulation and for the standard formulation. The difference will appear only in the non-linear
part of the tangent stiffness matrix. '
We derive the non-linear part of the tangent stiffness matrix from the equality (Reference 9,
Chapter 6) :

SUT Ky U= j £ 5 6o °AV _ (39)
OV .

We define now the following matrices:

o0, " dugy,/0r
e =| Ougyy/Or =BU (40a)
| Ougs,/0r
; [ gy, /05 ]
F“sS: Buse,/0s | =B,U (40b)
| Oig(3,)/0s i
ug [ Ougyy,/0t i
5 = | M/t |= BU (40c)
| - Ous(s,y /0t )
and also, i
PR T AV 1a)




LARGE DISPLACEMENT/ROTATION.INCREMENTS 1605

0
‘g, 2 =UTBLU (41b)
¢ Jug, T: f§2 o
g o2 =UTB2U @419
t a"'RZ Ti§§2
s =U OﬁsrU (41d)
- or . ‘ . .
1y OUR2 _yop,  fi2
e =UT{BLU 41e)
Matrices B,, B,, B, can be easxly obtained using the kinematic relations presented in Section 2.
Matrices BZ, ..., B2 arise from the underlined terms in equations (27).

Being k; and k, the degrees-of freedom corresponding to 0" and 6%; k= 1, ..., Nandil=1,2,
3, the only non-zero terms in those matrices are : s

(kn kz)——hk rak[ Vs(l) gr(l)+ Vs(!) Gy ('Vk 'gr)(‘su‘*'&u)]

+ ghk, Pl Vf(l)fgr(i) +! V:‘(i)'gr(n - ('Vf 80+ 0] (42a)
s(kv k)=% ha [ Vs(l)‘gr(t) + V.‘v‘(i)tgr(l) =(Vi- '2,)(0,+ ;)] (42b)
tB z 2k, k )— hb [ Vr(l) Irpy + Vf(i) tgr(l) - ('V:‘ ') (0 + o)1 (42¢c)

$B i k)= g b u Vo't + Vi o= (Vi 261+ 50) |
+é hk,rbkt’.i/ﬁtitg#(i)f'V:‘(i)'gs<1)—('vf"8:.)(5;&5,.-)] " L L(e2d)

Bk, k)= ';'hk. ;ék [V ':Jzii)+'Vf(vi’)'gr(1)"('v§" ‘:)(5;1;"5:0] )
Hghb it Vi g (ViR a)] @2

where 6,, is the Kronecker delta.
It is important to point out that the above defined matrices are symmemc From equations (39)
to (42)

Ky e f [SSBTB, + (8 (BTB, + BTB,)+ (5B B, + BIB,)J0dv
oy : - ,

+ f 2[:,3":,33,+5§“<5st+552>+55‘"<aﬁf,+aﬁ,)]*’dV @3)
oy

Note that -

(a) The tangent stiffness matrix, JK = (K, + ¢Ky, is symmetric.
(b) The second integral in equatlon (43) represents the difference with the tangent matrix as
obtained with the standard formulation.
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4.2. Internal forces

The vector of generalized internal nodal forces equivalent in the virtual work sense to the
element stresses is®

F= J BT OdV (44)
oy

For calculating the stresses, the vectors 'V¥ and 'V* are updated using equation (7).

5. NUMERICAL EXPERIMENTATION

In this section we will compare for some simple examples the results obtained using the standard
formulation and using the formulation presented in this paper. In order to avoid the locking
problem,!® reduced numerical integration will be used along the r-direction.

It is important to point out that in beam elements reduced integration does not produce
spurious zero energy modes,?° and therefore does not raise objections from the reliability view
point.*

Full Newton—Raphson iterations are used in all the examples and the energy criterion® 2! is
used to test for convergence. Therefore, we stop the iterations when

[AU(i)]T(t+AtP_r+A(;F(i— 1))< ETOL[AU(I)]T(t+AtP_(;F) (45)

where ETOL is an error tolerance defined for each case.

5.1. Cantilever beam under constant moment

5.1.1. Analysis using 2-node elements. The cantilever is analysed using four 2-node elements, as
shown in Figure 2. The total moment of 2z, which for our case (EI/L =2) corresponds to a total
tip rotation of =, is applied in 10 equal steps. Our formulation needs a total of 33 iterations to
converge, against 92 iterations of the standard formulation. The coding differences for both
formulations are very minor, therefore the number of iterations can be considered as an
approximate indicator of the computational efficiency.

5.1.2. Analysis using 3-node elements. In the example shown in Figure 3 four 3-node elements
are used. A total moment of 1-8z EI/L is applied in 10 steps, as indicated in the figure. Surana®!
also analysed this problem.

In Figure 3 we display our results and the results reported in Reference 11; it is worth pointing out
that, since different convergence criteria were used, the comparison of the number of iterations
used by each formulation is not necessarily indicative of the effectiveness of each formulation.

5.2. Simply supported beam under constant moment

The beam is analysed using five 3-node elements, as shown in Figure 4. A total moment of 2:0
(which corresponds to a relative rotation of the beam ends of 2-557) is applied in 10 equal steps.
Our formulation needs a total of 44 iterations to converge against 151 iterations of the standard
formulation.

Surana'! and Oliver?? also analysed this problem. In Figure 4 we display their results and the
present results. Again, different convergence criteria were used in the three cases and the
comparison is not straightforward.
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1 3 N

Linear Elastic Material

T Es2.4w 108

azll = O
. 131=22)
% CIETEL £ 107
Section
_ Number of Iterations
e S ~Standard.. . : :
Step M formulation This work
1 02n 3 3
2 0-4n 3 3
3 067 4 3
‘4 08 5 3
s 1-0n 6 3
6 120 8 3
7 t4n 10 3
8 16n 13 4
9 187 17 4
10 20n Ny 4
Total Iterations 92 33

5.3. Bend (45-degrees) under concentrated load

The curved beam loaded fiérmal to its plane is-analysédusing five 3-node elements, as shown in
Figure 5. The total load of 680-0s applied in 10 equal stcps The results are compared with those

obtained by Bathe and Bolourchi.?3

T Ty

Figure 2. Analysis of a cantdevcr under coristant moment‘nsmg 2nodc‘ elements

In this case the standard formulation and our formul‘auon both use approxlmately the same

number of iterations.
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2:° i o % ?ol':‘é* o §>M o

- { Linear Elastic ‘Material
Lew ' E=24 x %05
o 6=1.0 = 105
10 ‘
Section
Total tip disp. (Surana) [11] = Total tip disp. (This work) Tterations Iterations
Total tip disp. (Analit-) Total tip disp. (Analit) (Surana) [11]  (This work)

02 099 1-00 7 4
04 1:00 RS 1) B K 5
06 1-00 ; 101 ‘ 7 4
08 1-00 1-02 7 5
10 101 . 102 , 7 4
12 101 101 8 5
14 099 1 00 8 5
16 096 , 097 L 8 6
1.7 094 094 6 5
18 091 ) 092 _ 7 5

Figure 3. Analysis of a cantilever under constant moment ‘using 3-node elements

M v |
(72)7 5 § : N M MR o‘:é},,)n
L l

. Ezbku®b
L G=2u)0t
ETEL =104
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Number of Iterations

20

1-01

7

101

Standard

M formulation This work

02 4 4

04 5 . 4

Y 7

038 9 4

10 1 4

12 14 '5

14 18 4

16 2 s

18 27 4

20 34 5

;‘ Total Iterations 151 44
M V(Surana) [11] Tterations : V(Oliver) [22] Iterations V(This work) Iterations
V(Analit) - (Surana) [11]  V(Analit) (Oliver) [22]  V(Analit)  (This work)
02 100 6 1-00 T 100 4
04 100 6 100 s 10 4
06 100 6 00 4 101 5
08 1:00 6 100 5 101 4
10 100 7 101 4 101 4
2 ol T o1 4 101 5
14 101 'y 101 5 101, 4
16 rot 7 02 4 T2 s
18 102 7 102 5 102 4
- 1-01  4

Figuré 4. Analysf§ of & simply supported beam under constant moment .
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o o y
P = 600
x 45°
7
Linear Elastic Material
11.0 E=: 10
6:=5x1°
10 EToL=10"
Section
Bathe-Bolourchi Standard
[23] formulation This work
U/Tip —134 —133 —136
V/TIP —235 X —235
W/TIP 53-4 532 533

Total number of iterations for the standard formulation =35
Total number of iterations for the present formulation =34

Figure 5. Analysis of a 45-degree bend

5.4. Closed frame under concentrated loads

The frame shown in Figure 6 is analysed, modelling one quarter of it with twenty equal 3-node
elements. The total load is applied in 5 and 10 equal steps. The displacements corresponding to
the total load are compared with the results obtained by Wood.?>*

In this case, again, the standard formulation and the new one both need approximately the
same number of iterations to converge. '

6. CONCLUSIONS

An incremental Total Lagrangian Formulation for curved Timoshenko beam elements that
includes the effect of large:rotation inecrements was developed. A symmetric tangent stiffness
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matrix was obtained because, as stated above, our nodal variables are three numbers that define a
rotation rather than independent rotations around fixed axes. Therefore the commutativity
problem which leads to non-symmetric tangent stiffness matrices?® does not arise. It is important
to notice, however, that our nodal variables are coincident with independent rotations around
fixed axes in the case of infinitesimal rotations.

The advantages of the new formulation over the standard formulation, that assumes infinitesi-
mal rotation increments in the tangent stiffness matrix derivation, are as follows.

(a) The tangent stiffness matrix obtained with the new formulation derives from a complete
linearization of the virtual work equations, therefore it does not introduce errors in stability
analyses (linearized buckling analyses.2%)

‘n

—+
h(aisp.)
5025
Hidisp.)
—
Linear Elastic Ma.teﬂal
5025 ‘
£:30x10°5
L 6= 15 = 10¢
‘ P:6.8797 El/L?
2P ETAL =10

Y 11‘0
T u—

50
Section
Total number of iterations
Standard
Number of steps formulation This work
5 23 24
10 35 -32
This work
Wood
[24] 5 steps 10 steps
300-70 299-96 30273
H —241:00 —23519 - —240-23

Figure 6. Analysis of a closed frame
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(b) The complete tangent stiffness matrix assures quadratic convergence in the displacements
norm when using full Newton-Raphson iterations,?’ therefore, in many cases when using
the new formulation convergence is achieved with fewer iterations than when using the
standard formulation. It is well known, however, that this should not always be the case,
because in some problems iterating with a ‘non-exact’ tangent matrix may lead to a faster
convergence. Also, some type of secant formulation'* could be developed to improve the
efficiency of the analyses.

The same kind of formulation we presented for beam elements can be developed for C° shell

elements.

E.
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