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ABSTRACT 

A quadrilateral 2-D finite element for linear and 
non-linear analysis of solids is presented. The 
element is based on the technique of mixed 
interpolation of tensorial components. It is shown 
that the new element is reliable and efficient, being 
apt, therefore, to be used in routine engineering 
applications. 

INTRODUCTION 

For many years researchers have investigated 
variational formulations for solid mechanics and the 
associated finite element techniques. Washizu1 and 
Pian and Tong2 have pioneered in this field and 
presented a complete classification of the different 
finite element methods for solid mechanics. Even 
though most of these methods have rights to claim 
some particular advantage over the others, the 
displacement based method has become the most 
widely used for linear and non-linear analysis of 
solids and structures. Almost all of the available 
general purpose finite element codes use mainly 
displacement based elements. 

However, it has been recognized that for some 
type of problems, the displacement based method 
provides poor results. Examples are incompressible 
elasticity and thin plate/shell structures. 

Much research effort has been lately directed 
towards the development of finite elements that 
while overcoming the drawbacks of the displacement 
based elements for specific problems, can be used 
together with them in general purpose finite element 
codes, providing reliable results. Among many 

examples we can refer to the hybrid elements 
developed by Pian and co-workers2-4; to the mixed 
elements developed for incompressible elasticity by 
Bercovier et al.5 and by Sussman and Bathe6; and 
to the elements based on mixed interpolation of 
tensorial components developed for the analysis of 
plate and shell structures by Bathe and Dvorkin7-9. 

In the analysis of 2-D solids the displacement 
based quadrilateral element also provides poor 
results. With 4-node element being very desirable 
for engineering practice, it is an attractive idea to 
improve their performance by using an alternative 
formulation10. In a previous work Bathe and 
Dvorkin9 stated their requirements for reliable shell 
elements; in the case of 2-D continuum elements 
those requirements can be recast as: 

1. The theoretical formulation of the element 
must be strongly continuum mechanics based with 
assumptions in the finite element discretization that 
are mechanistically clear and well founded for linear 
and non-linear analysis. The formulation must not 
incorporate numerically adjusted factors. 

2. The element must not contain any spurious 
zero energy mode. 

3. The element must satisfy Irons' patch test11. 
4. The predictive capability of the element must 

be high and relatively insensitive to element 
distortions and to changes in material properties 
(e.g. in the case of an elastic material the Poisson 
ratio approaching its limit value of 0.5 must not 
excessively deteriorate the element performance). 

In this paper, we present a 4-node element based 
on the method of mixed interpolation of tensorial 
components7-9, that overcomes many of the 
drawbacks of the standard displacement based 
quadrilateral element and satisfies, as closely as 
possible, the reliability criteria we stated above. 

Our new quadrilateral element has eight 'exterior 
degrees of freedom' (two displacements per node). 
Although it looks like a very tempting goal to satisfy 
the patch test and also obtain high insensitivity to 
element distortions (conditions 3 and 4), MacNeal12 

demonstrated that in the case of quadrilateral 
elements, those two conditions are competitive and 
there are limits to what can be achieved regardless 
of the 'interior formulation' of the element. 

Taking into account that it is imperative that we 
assure convergence under any circumstance (even 
if for some cases the convergence may be slow), in 
the balance between satisfaction of the patch test 
and element insensitivity to distortions we must opt 
for strict satisfaction of the patch test. * Instituto Nacional de Tecnologia Industrial, Buenos Aires, Argentina. 
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THE NEW ELEMENT 

To construct our new quadrilateral 2-D finite 
element based on mixed interpolation of tensorial 
components we used our accumulated insight into 
the behaviour of elements to satisfy the previously 
stated element requirements as closely as possible. 
As a basic tool to test our developments we used 
the patch test, after which we measured the order 
of convergence of the elements under examination 
by solving some well-established problems. 

Geometrically linear analysis 
When formulating our element using the method 

of mixed interpolation of tensorial components we 
need to adopt a displacement interpolation, a strain 
interpolation and tie both interpolations together. 

To interpolate the displacement field inside the 
element we use the interpolation functions of a 
5-node isoparametric element (see Figure la). 

In the natural coordinate system of an element 
we can write the strain tensor using covariant 
components and contravariant base vectors 
(g i)13, 

where for plane strain problems. 

We define (element centre) and 

At any point inside the element we can also write, 

where 
To interpolate the strain field inside the element 

we use the following interpolation functions, 

For axisymmetric analysis 
In the above, are the tensorial strain 

components at points A, B, C, D and O (see Figure 

lb) directly evaluated from the Displacement 
interpolation; |J0| is the element Jacobian at point 
O (r = 0, s = 0); |J| is the element Jacobian at point 
(r, s). 

The adopted strain interpolation: 

(1) does not present spurious zero energy modes; 
(2) satisfies Irons' patch test (see Appendix I); 
(3) can exactly represent, in rectangular elements, 

a state of plane stress bending (see the 
numerical tests). This represents an important 
improvement over the displacement based 
quadrilateral element. 

The two displacements corresponding to node 5 
in Figure 1a are condensed, as shown in Appendix 
II, at the element level; therefore the resulting 
element has only eight degrees of freedom. 

Geometrically non-linear analysis 
The geometrically non-linear formulation can be 

developed using either the total Lagrangian 
formulation14 or the updated Lagrangian formula
tion14; in this paper we present the first one. 

We use the second Piola-Kirchhoff stress 
tensor14 as a stress measure and the Green-
Lagrange strain tensor13,14 as a strain measure. 

For any instant (load level) t, we refer the strains 
to the reference configuration at t = 0, and using (3), 
the Green-Lagrange strain components are inter
polated as, 
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For axisymmetric analysis 
The 0|J0| and 0|J| are the element Jacobians at 

(0, 0) and (r, s) evaluated at the reference configura
tion (t = 0). 

Being the increments in the 
Green-Lagrange strains, we can decompose14, 

where and are the linear and non-linear part 
of the increments respectively, and are also 
interpolated using (3). 

If we refer the incremental analysis to a fixed 
Cartesian reference system with base vectors ei, the 
Cartesian components of the strains and strain 
increments are, 

where 0ĝi are the contravariant base vectors at (0, 0), 
measured in the reference configuration. 

The finite element matrices and vectors are 
calculated using the above interpolations as usual14. 

The two displacements corresponding to node 5 
in Figure 1a are condensed, as shown in Appendix 
II, at the element level; therefore the resulting 
element has only eight degrees of freedom. 

NUMERICAL TESTS 

In this section we study the numerical behaviour of 
the new element in an organized way, achieving the 
following objectives: 

(1) We show that the element converges, that is 
to say15 that it is stable and consistent. 

(2) We examine the solution it provides to some 
linear problems in order to gain insight into 
the element performance by comparing its 
behaviour against the behaviour of other 
elements. 

(3) We examine its response in non-linear 
analysis. 

The numerical solutions we present were all 
obtained using 2 x 2 Gauss integration. 

In what follows our new element is referred to as 
QMITC and the displacement based 4-N element 
as STD-4N. 

Convergence check 
In order to test the stability of our element we 

analyse some 'one element cases' using distorted 
and undistorted elements. The boundary conditions 
are the minimum necessary to suppress the three 
physical rigid body modes. No spurious zero energy 
modes are ever present. 

The above is equivalent to examining the 
eigenvalues of the stiffness matrix corresponding to 
a free element16. 

In order to test the consistency of the formulation, 
the patch test needs to be performed. The mesh 
shown in Figure 2 is used with the minimum number 
of boundary conditions needed to suppress the three 
physical rigid body modes. For all the load cases 
shown in Figure 2 the displacements and stresses 
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predicted by the model are identical to the analytical 
solution. 

This numerical results confirm our predictions in 
Appendix I. 

Linear problems 
Plane stress rectangular elements under constant 

bending. In Figure 3a we show one rectangular 
QMITC element under constant bending, the 
displacement and stresses predicted by the element 
are identical to the analytical solution. 

In Figure 3b we compare the results of the 
QMITC element against the results of the STD-4N, 
for a mesh of rectangular elements under constant 
bending. While the aspect ratio deteriorates the 
behaviour of the standard element, it does not affect 
the results of the new element. 

Plane stress rectangular elements under linear 
varying bending. In Figure 4 we compare the results 
of the QMITC and STD-4N elements for a mesh 
of rectangular elements under linear varying 
bending. The convergence for the new element is 
much faster than for the standard one. 

Plane stress distorted elements under constant 
bending. Although for the mesh shown in Figure 5a, 
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which was also used by Pian and Sumihara4, there 
is a fairly good agreement between the results 
provided by the QMITC element and the analytical 
results; the results obtained with the mesh in Figure 
5b are not so close to the analytical ones, but are 
always better than those provided by the STD-4N 
element. 

As demonstrated by MacNeal12, the results of 
quadrilateral elements deteriorate when trapezoidal 
elements are used. 

It is important to point out, however, that Pian 
and Sumihara4 presented a hybrid element with four 
incompatible modes and stress interpolation in the 
natural coordinate system, which seems to be more 
insensitive to element distortions than the QMITC. 

Plane strain elements under constant bending. In 
Figure 6 we compare the results provided by the 
QMITC element against the results of the STD-4N 
element, for two different meshes, both in plane 
strain and under constant bending. 

The QMITC results are much better than the 
standard element results and more insensitive to an 
increasing Poisson ratio. 

A similar test was used by Taylor et al.16 to 
investigate the effect on the element performance of 
an increasing Poisson ratio combined with elements 
distortions. 

Simply supported circular plate under a concentrated 
central load. In Figure 7 we show a simply supported 
circular plate (R/h = 100), under a concentrated 
central load, modelled using axisymmetric elements. 

The QMITC results show a fast convergence. 

Thermal loads. Usually when analysing problems 
involving thermal loading, it is more difficult to 
achieve good finite element results than when 
analysing problems involving mechanical loading17. 

When using the STD-4N element for thermoelastic 
problems we interpolate the temperatures with the 
displacement interpolation functions as it is usually 
done. When using the QMITC element we 
interpolate the thermal strains using (3) 
(a is the thermal expansion coefficient, 0 is the point 
temperature and δij is the Kronecker delta). 

In Figure 8 we show a rectangular element free 
to dilatate. When the element is under constant 
temperature both, the QMITC and the STD-4N, 
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provide the exact displacements and the exact 
stresses (σij = 0.0) because both elements satisfy the 
patch test. 

But when we impose a linear temperature 
distribution of the form 0 = a + by + cz, even though 
the analytical solution is σij = 0.0, the STD-4N 
element predicts big parasitic stresses while the 
QMITC element provides the exact solution. 

Non-linear problem 
In Figure 9 we show a cantilever under constant 

bending and its analytical results compared against 
the results provided by the QMITC and STD-4N 
elements, using the total Lagrangian formulation. 

The new element delivers much better results than 
the standard element, even though we use a coarse 

mesh, considering that the final tip rotation is of 45 
degrees. 

CONCLUSIONS 

A quadrilateral 2-D finite element, based on the 
technique of mixed interpolation of tensorial 
components was presented. 

The element does not contain spurious zero 
energy modes and passes the patch test. In Appendix 
I a rational method for designing strain inter
polations that lead to the satisfaction of the patch 
test is presented, we hope that this will foster the 
development of more and more efficient mixed 
interpolated elements. 

The new quadrilateral element satisfies our 
reliability requirements presented in the Intro
duction, and although the numerical results show 
that it is not as insensitive to element distortions as 
desirable, MacNeal12 demonstrated that there is a 
limit in what can be achieved in this regard, with 
elements presenting only eight 'exterior degrees of 
freedom'. 

We believe that the present element also 
constitutes a good basis for the future design of the 
in-layer strain interpolation of new quadrilateral 
shell elements7. 
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APPENDIX I 

The patch test 

In the numerical study of our element we 
performed the patch tests shown in Figure 2. For 
each of these tests the patch of elements is subjected 
to: 

• displacement boundary conditions just sufficient 
to remove all physical rigid body modes; 

• externally applied boundary nodal point forces 
that correspond to constant boundary stress 
conditions. 

The analysis yields the nodal point displacements 
and the internal element stresses. The patch test is 
passed if these predicted quantities are identical to 
the analytical solution. 

Therefore, in order to pass the patch test, the 
strain interpolation of the element needs to satisfy 
the following two requirements. 

First requirement. The strain interpolation must be 
able to represent for any element geometry a state 
of constant strain with analytically correct nodal 
point displacements. By inspection of (3) it is 
obvious that the strain interpolation we adopted 
satisfies this first requirement. 

Second requirement. For the displacement based 
quadrilateral element14: 

u = H4U 

ε = BU 

where uT = (ux uy) and U is the vector of nodal 
displacements. 

For this case B is derived in the standard way14 

and the element satisfies the patch test. 
In the patch test situation σ = σ* = const. and 

being t the surface tractions, the Principle of Virtual 
Work1,14 states 

where Hs4 is H 4 specialized for the element sides. 
For the element based on mixed interpolation of 

tensorial components 

u = H5U 

For this case is formed using (3). 
For the patch test situation, 

As Hs5 = Hs4, (A1) and (A2) lead to the second 
requirement for the satisfaction of the patch test, 

The strain interpolations presented in (3), satisfy 
the above requirement. 

APPENDIX II 

Element matrices condensation 
Linear static analysis. In the QMITC element 

where Ue is the vector containing the 
displacements of nodes 1 to 4 and Ui contains the 
displacements of node 5. 

Since there are no external loads acting on node 5, 

From the above, 

Non-linear static analysis. For the j-iteration14 in 
the step from the configuration at time (load level) 
t to t + ∆t 
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From the above, 

Dynamic analysis. As shown by Przemieniecki18, 

the condensed mass matrix is given 

where 

In the above, Mc is the condensed mass matrix, 
and M is the mass matrix before condensation. 
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