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Abstract

The infinitesimal strain version of the MITC4 shell element (Dvorkin and Bathe [6]) was previously
successfully used for the analysis of deep-water applications of steel marine pipelines. The collapse and post
collapse responses were modeled and compared with experimental results (Toscano et al. [12]). Even though in
those verifications the matching between numerical and experimental results was excellent, it was also noticed
that in the post—collapse regime very high strains are developed in the steel shell. In Ref. [12] a version of the
MITC4 that uses a posteriori updates of the shell thickness was used to incorporate into the model the finite
strain behavior. The results indicated that even though the consideration of finite strains improves the solution,
the room for improvement - when the overall equilibrium paths are considered - is so small that it hardly
justifies the use of a more expensive numerical model. However, if local strains are sought, the finite strain
model produces much better approximations to the actual situation. Hence, the motivation for shell element
formulations apt for finite strain elasto-plastic analyses is still opened.

In previous publications we presented a new shell element formulation, the MITC4-3D that we developed for
finite strain analysis (Toscano and Dvorkin [13, 14]) using the MITC4 strains interpolation (Dvorkin and Bathe
[6]) and 3D constitutive relations.

In this paper we are going to discuss the basic features of the MITC4-3D element and present further
verification / validation.

1. Introduction

In 1970, Ahmad, Irons and Zienkiewicz [1] presented a shell element formulation that after many years still
constitutes the basis for modern finite element analysis of shell structures. Even tough the A-I-Z shell element
was a breakthrough in the field of finite element analysis of shell structures, under the constraint of the
infinitesimal strains, it suffers from the locking phenomenon and much research effort has been devoted to the
development of A-I-Z type clements that do not present this problem (Bathe [2], Chapelle and Bathe [3],
Zienkiewicz and Taylor [15],).

The MITC4 shell element (Dvorkin and Bathe [6]), which was developed to overcome the locking problem of
the A-I-Z shell elements has become, since its development in the early eighties, the standard shell element for
many finite element codes. However, the limitation of infinitesimal strains is still present in the MITC4
formulation.

In 1995 Dvorkin, Pantuso and Repetto [7] developed the MITC4-TLH element, that based on the original
MITC4 formulation can model finite strain elasto-plastic deformations. This element imposes the condition of
zero transversal stresses and its computational cost is rather high.

In the present paper we present an element that is also based on the MITC4 formulation and can efficiently
model finite strain deformations using a general 3D elasto-plastic material model.

The most relevant differences with the original MITC4 formulation are:
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e For each quadrilateral element we have 22 d.o.f.: 5 generalized displacements per node plus 2 extra
d.o.f. to incorporate the through-the-thickness stretching.

e We use a general 3D constitutive relation instead of the original laminae plane stress constitutive
relation.

2. The MITC4-3D formulation

Some of the basic features of our MITC4-3D element are:

e The shell geometry is interpolated using mid-surface nodes and director vectors.

e The nodal displacements and transverse shear strains are interpolated using the original MITC4
formulation (Dvorkin and Bathe [6]).

e For interpolating the director vectors special care is taken to avoid spurious director vector stretches
(Gebhardt and Schweizerhof [8], Simo et al. [9-11]).

e Two additional degrees of freedom are considered to include a linear thickness stretching. These
thickness-stretching degrees of freedom are condensed at the element level.

2.1 Shell element geometry

Following the MITC4 formulation we define, in the reference configuration, nodes on the shell mid-surface and
at each node we define a director vector which represents, at that node, an approximation to the shell mid-
surface (Dvorkin and Bathe [6], Simo et al. [9-11]).

Therefore, defining inside the element the natural coordinate system (r,s,t) (Bathe [2]), for an element with
constant thickness, we can write,

h(r,s)"V.,

harove] "

Where,

h,(r,S): isoparametric 2D interpolation functions (Bathe [2]),

X : k-node position vector,
a : constant element thickness,
k . . k
V. :k-node director vetor; with |V [[=1.

In Eqn. (1) TZO is a constant thickness stretching and rﬂq is the through-the-thickness stretching gradient. In our

formulation the element Tﬂ,o and Ti, are discontinuous across element boundaries and they will be condensed

at the element level.
2.2 Incremental displacements

The incremental displacements to evolve from the t-configuration to the t+At-configuration are,

hk (r’ S).H—AT\LE
Hhk (r’ S).H—AT\LE

u(r,s,t) =h(r,s)-u, +%'(T/10 + A4+ A T+ AL 't)' @

For the director vector rotations we can write,
t+A7y sk TH+AT 7y s k
V=" RV

Von r n

A . . .
where " :B is a rotation tensor (Dvorkin et al. [5]).

=[h.(r.9)7v

To simplify the formulation, we made the approximation Hhk (r, S)-HAT\LE1
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2.3 Constitutive relation

The shell element formulation developed in this paper is a fully 3D formulation since the in-layer plane stress
hypothesis used in the original MITC4 formulation was not invoked in this case. This full 3D constitutive
relation is based on:

e Lee’s multiplicative decomposition of the deformation gradient (Figure 1)

e Maximum plastic dissipation

“H.

e For the elastic part an hyperelastic relation using Hooke with Hencky strains: i 0£

e

(r)l" " are calculated as the rotational pull-back of the contravarian components of the Kirchhoff stress tensor.

For an isotropic material, the second order tensor (T)Lis the stress measure energy-conjugate to the Hencky

strain tensor (Dvorkin and Goldschmit [7]).
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Figure 1: Lee’s multiplicative decomposition

3. The incremental formulation

Using a total Lagrangian formulation we can write the Principle of Virtual Work for the equilibrium
configuration at tT+At (Bathe [2]),

J‘OV t+Ar£ : 5QE-OdV :t+AriR

t+A . . . . . .

where Tﬁ is the virtual work of the external loads acting on the solid body in the t+At-configuration and
E . . .

H " is an elastic Hencky strain tensor.

The resulting stiffness matrices are, of course, symmetric.

4. Numerical results

4.1 Infinitely long cylinder under internal pressure
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Figure 2: Inflation of an Infinitely long elasto-plastic cylinder
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We consider the infinite cylinder represented in Fig. 2 under internal pressure (R;,=100. , E=2.1 10%, E=2.1 10°,
a=0.1, p=0.3, o,=2.1 10%). In the same figure we represent the equilibrium paths obtained for the infinitely long
cylinder as well as the predictions of the through-the-thickness stretching.

The d.o.f. (A)y, A),) are condensed at the element level and (20x20) element stiffness matrices are obtained and
assembled into the global stiffness matrices.

4. Conclusions

On the basis of the MITC4 shell element formulation, we developed the MITC4-3D shell element formulation
for finite strain analyses of shell structures using general 3D constitutive models. In this paper the new element
was implemented for the analyses of elasto-plastic shell structures and the results indicate that it is a very
effective element.

5. References

1. Ahmad S, Irons B.M. and Zienkiewicz O.C. (1970), "Analysis of thick and thin shell structures by
curved finite elements", Int. J. Numerical Methods in Engng., vol. 2, pp.419-451.

Bathe K.J. (1996), Finite Element Procedures, Prentice Hall, Upper Saddle River,NJ.

Chapelle D. and Bathe K.J. (2003), The Finite Element Analysis of Shells - Fundamentals, Springer,
Berlin.

4. Dvorkin E.N., Pantuso D. and Repetto E.A. (1995), "A formulation of the MITC4 shell element for
finite strain elasto-plastic analysis", Comput. Meth. Appl. Mechs. Engng., vol. 125, pp.17-40.

5. Dvorkin E.N., Ofiate E. and Oliver J. (1988), "On a nonlinear formulation for curved Timoshenko
beam elements considering large displacement/rotation increments", Int. J. Numerical Methods in
Engng., vol. 26, pp. 1597-1613.

6. Dvorkin E.N. and Bathe K.J., “A continuum mechanics based four-node shell element for general
nonlinear analysis”, Engng. Computations, Vol. 1, pp. 77-88, 1984.

7. Dvorkin E.N. and Goldschmit M.B. (2005), Nonlinear Continua, Springer, Berlin.

8. Gebhardt H. and Schweizerhof K. (1993), "Interpolation of curved shell geometries by low order finite
elements - Errors and modifications", Int. J. Numerical Methods in Engng., vol. 36, pp.287-302.

9. Simo J.C. , Fox D.D. and Rifai M.S. (1989), "On a stress resultant geometrically exact shell model.
Part II: The linear theory; computational aspects", Comput. Meth. Appl. Mechs. Engng., vol. 73, pp.53-
92.

10. Simo J.C., Fox D.D. and Rifai M.S. (1990), "On a stress resultant geometrically exact shell model. Part
III: Computational aspects of the nonlinear theory", Comput. Meth. Appl. Mechs. Engng., vol. 79,
pp-21-70.

11. Simo J.C., Fox D.D. ans Rifai M.S. (1992), "On a stress resultant geometrically exact shell model. Part
IV: Variable thickness shells with through-the-thickness stretching", Comput. Meth. Appl. Mechs.
Engng., vol. 81, pp.91-126.

12. Toscano R.G., Mantovano L., Amenta P., Charreau R., Johnson D., Assanelli A. and Dvorkin E.N.,
"Colapse arrestors for deepwater pipelines. Cross-over mechanisms", Computers&Structures 86 (2008)
728-743.

13. Toscano R.G. and Dvorkin E.N., “A shell element for elasto — plastic finite strain analyzes”,
Proceedings 9th US National Congress on Computational Mechanics, Offshore Technology
Conference, San Francisco, USA, July 2007.

14. Toscano R.G. and Dvorkin E.N., "A Shell Element for Finite Strain Analyses. Hyperelastic Material
Models”, Engineering Computations, Vol.24, N° 5, pp.514-535, 2007.

15. Zienkiewicz O.C. and Taylor R.L. (2000), The Finite Element Method, Vol. 2, 5" Edition,
Butterworth-Heinemann.



